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The generic model of superimposed multifractal measures is discussed from the generalized 
entropy point of view. Natural conditions for the existence of second order critical lines are given. 
The second order phase transitions may manifest themselves in stopping points of the entropy-like 
thermodynamic functions. The findings are of experimental relevance. 
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As a consequence of the success of nonl inear dy-
namics, the theory of fractals [ 1 - 5 ] has attracted 
much interest. Singular measures of mult i f ractal [6] 
structure were shown to characterize strange attrac-
tors [7], diffusion [8, 9], scattering processes [4, 10], 
turbulence, fractal d i f fus ion- l imi ted aggregat ion [3], 
etc. Later it was found that relat ions exist to already 
wel l -known fields of physics. As an example , in the 
analysis of mult i fractals one may take advantage of a 
( formal) equivalence of mult i f ractals with spin sys-
tems investigated in statistical mechan ics [11]. In 
analogy to the latter, the rmodynamic quanti t ies are 
defined and nonanalyt ic behavior of these func t ions 
can be interpreted as phase transition p h e n o m e n a [12], 
The purpose of this contribution is to provide an ex-
emplary discussion of a model [ 13] in which a gener ic 
mechanism for second order phase transit ions is ob-
served. Then, the appearance of s topping points in the 
thermodynamic func t ions derived f r o m exper iments 
is related to the latter phenomenon . 

Of ten in exper iments the full mul t i f racta l s tructure 
of the object cannot be accessed. W h a t can be mea-
sured is a fractal structure with a measure on it. In this 
way, a generalized fractal with a suppor t - independent 
measure is obtained (in contrast to the monovar ia te 
thermodynamic formal i sm, where length scales and 
measures can all be expressed by the length scales 
alone). The example of the d i f fus ion on a grid of 
identical cells [9] indicates the wide applicabil i ty of 
this concept for biology and chemistry. As a probably 
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more wel l -known example we may think of the re-
sult s t emming f rom a general ized Baker m a p [7], In 
addit ion, it may be useful to consider two or more 
dif ferent sources contributing to the measure imposed 
on the fractal structure. Using baker maps , this can be 
generated by a superposit ion of two maps with dif-
ferent sets of probabil i t ies = 1 . .C (where C = 2 
for binary, C = 3 for ternary Cantor sets, etc.), but 
with identical sets of length scales I F r o m the ex-
per imental point of view, the situation corresponds to 
two sources generat ing essentially over lapping Can-
tor structures with measure . The quest ion then arises 
how the independent measures combine to make the 
c o m m o n the rmodynamic funct ions. 

As a starting point, a related quest ion was proba-
bly first considered in [14]. A thorough discussion of 
super imposed Cantor sets was then first given in [ 13], 
fo l lowed by a discussion of a special case of sec-
ond order phase transition [15], In the present con-
tribution we enlighten in full generality the generic 
situation, which will be defined as the superposi t ion 
of two probabil i ty measures on a three-scale Cantor 
support . We discuss the problem f rom a new point of 
view which allows a connect ion of the second order 
phase transit ions to common ly measured quantit ies. 
By adopt ing the general ized entropy [16, 17] point of 
view we extend our knowledge on first and second 
order transit ions occurring in this context . 

Let us first introduce the two sources which will 
contr ibute to the combined system, then we will 
present the numerical result for the f ree energy of 
the combined system. We end by discussing the gen-
eral ized entropy funct ion, which will allow a more 
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Fig. 1. Support of the generalized entropy function S(A,E) 
of two three-scale Cantor sets with measure. The fact 
that the same set of length scales is used is mirrored by 
corresponding e-values of the corner points. Parameters: 
pi = 0.1, p2 = 0.2, p3 = 0.7 (measure of the first source), 
pis = 0.6, p2s = 0.15, p3s = 0.25 (measure of the second 
source), /i = 0.2, H = 0.3, IT, = 0.4 (length scales of the 
Cantor set). 

condensed insight into the properties displayed by 
such systems. Let us start f rom the two isolated Can-
tor sets with measure. The setting for our example 
is that we have M = 2 sources contributing to the 
measure of the C = 3-scale Cantor support. It will 
be argued that this is the relevant case to be consid-
ered. In Fig. 1 we show the associated supports of the 
general ized entropy funct ions , i . e . the range of the 
scaling exponents of the isolated systems. The vari-
able s describes the exponent generated by the scaling 
of the support (i. e. by the length scales U), the vari-
able a describes the local d imensions the system can 
produce [3]. If j denotes a periodic address in the 
symbol ic representat ion of the Cantor set, we have 
e = j j | l n ( / j ) | and a = ^ r y - Note that the corner 
points of the support indicate the properties of the 
periodic addresses of period 1, and that by changing 
the length scales we may force a into the interval 
[0. 1] wi thout changing the nature of the system. For 
the combined or superposed system the free energy is 
then given by the m i n i m u m of the individual f ree en-
ergies. Taking into considerat ion that asymptot ical ly 
the two contr ibutions to the measure have to be of 
the same order, the partition funct ion Z of the iV-th 
hierarchic level is written as [13] 

5 , 

Fig. 2. <?(£, q , ß) for an exemplary (q, /?)-pair showing the 
realization of the minimum on the line L (phase 3). 

For large N we have the behavior 
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with s t ( £ I , £ 2) = - £ 1 In £1 - £2 In £2 - 6 In £3, 
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and a / (£ j , £2) = —<̂ 1 l n / i — £2 In h - £3 In h -
The parameters 7r(z/), U = 1.2, are the weights of 

the contr ibut ions of the two sources (Ylu 7r(zy) = 1)' 
and = j / N , £2 = k/N and £3 = (N - j - k)/N are 
the densi t ies of the digits ' 1, 2, 3 ' , respectively, in the 
ternary address of the fractal e lements [3]. TN(J, k) 
are the t r inomial coeff icients . For our numerical ex-
ample , the funct ion 

g(t q, ß) = qap(£i, & ) + ß a f ä , £2) - , £2) (4) 

looks for a characterist ic (q, /?)-pair as shown in Fig-
ure 2. Line L separates the region to which the 
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minimum of the contribution 1 is conf ined (area 
left to the line) f rom the region in which the con-
tribution 2 must assume its m i n i m u m . The line it-
self represents the equali ty of the two contr ibut ions 

= d p 2 ( 6 ^ 2 ) ' fr°m which the equat ion 
£2 = f[£\,P\,P2,Pu,P2s] •= l n [ ( l - p \ s - P 2 J / O -
P\ ~P2)] - 6 \ n [ ( p i / p i s ) ( \ - P \ s ~P2s)/( 1 - Pi -

P2)]/H(P2/P2a)0 ~ P\s ~ P2s)/(\ ~ P\ ~ P2>] for 

the line may be derived easily (for convenience we 
use the index s to indicate the contr ibut ions f r o m the 
second source). Accordingly, we have three di f ferent 
phases: Either the m i n i m u m of q, ß) is a proper 
critical point, then it can be located in the region char-
acteristic for contribution 1 or 2, or it is si tuated on 
the border be tween the two regions. In this third case 
('phase 3') the m i n i m u m is assumed at the critical 
point of g restricted to L. In the case of two-scale 
Cantor sets, the m i n i m u m line L degenera tes to a 
peak point, a situation which is character ized by van-
ishing finite-AF fluctuations of £ around the saddle 
point ( ' quenched ' phase [15] with vanishing second 
derivatives). Whereas for the two-source two-scale 
Cantor system almost all results are analytical (see 
[13]), for C > 2 they have to be de te rmined numer-
ically. Note that for more compl ica ted sys tems than 
our two-source three-scale Cantor system even more 
general kinds of min ima may be present , f r o m where 
additional second order transit ions may follow. 

Free energy 

From g, the f ree energy func t ion F(q, ß) = 
limAT^oo jr I n ( Z N ( q , ß)) is easily derived. In Fig. 3, a 
contour plot of the f ree energy shows the three phases 
and the associated critical lines. Cross ing the border 
between phase 1 and phase 2 induces a first order tran-
sition, crossing a border involving phase 3 induces a 
transition of second order. Upon variation of ß fo r 
q > 0 one always observes a first order transit ion be-
tween phase 1 and phase 2. In the mos t popular ly ob-
served specific entropy func t ion f ( a ) , this transit ion 
always takes place at (q = 1, = 0). Phase 3, which 
is born at q = 0, may, however , not be detectable by 
f ( a ) since the zero-line of the f ree energy may pass 
by its border. In [ 13] a geometr ical explanat ion for the 
exis tence/nonexistence of the second order transit ion 
in the / (o ; ) - func t ion was given for two-scale Cantor 
sets. In our more general setting, the reasoning is s im-
ilar, but the presentat ion is different and the emphas i s 
is on generic results. 

- 3 - 2 - 1 0 1 2 3 

q 
Fig. 3. Contour plot of the free energy with the three phases. 
Short dashes: first order transition line, long dashes: second 
order transition line. The second contour line from top cor-
responds to F ( q , ß) = 0. 

General ized entropy 

The most condensed way to present the general 
informat ion on the scaling behavior of a system is 
with the help of the general ized entropy func t ion 
S(a,e) = maxqtß[F(q, ß) + eß + eaq] (where £ is 
chosen as a positive quantity). In Fig. 4 we show a 
contour plot of S for our system. Observe that the 
m a x i m u m value of S ( i .e . , ln(C) , where C = 3) is 
assumed by the topological entropy and that the max-
imal values on the border are given by the value ln(2), 
because there the entropy funct ion is de termined by 
orbits generated f rom c = 2 symbols . It is instructive 
to see how the individual entropy func t ions (compare 
Fig. 1) are forced to merge under the condi t ions for 
superposit ion. The rule which is obeyed is the fo l low-
ing: Imagine the system being parameter ized by its 
C - n a r y addresses. Compar ing the contr ibut ions f rom 
the two subsystems, it is seen that the contr ibution 
with the smaller a - sca l ing index survives in the limit 
N oo. Therefore, upper part wings are cl ipped 
while the lower ones remain. As a consequence , the 
point with the highest a - v a l u e will be found at the 
end of one wing or on the intersection of the two 
supports. In the second case, the value of the general-
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a 
Fig. 5. / (a ) -curve associated with Figure 4. Circles mark 
the border of first and second order transition regimes. 

Specif ic entropies 
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Fig. 4. a) Support of 5 ( a , e ) for the combined multifrac-
tal measures. Light dashes: contour lines; long fat dashes: 
second order transition line; short fat dashes: first order 
transition line. Circle: location of the topological entropy; 
dotted: trace along which / ( a ) is evaluated, b) General-
ized entropy function S(c*,£) viewed from high a-values. 
The light dashes indicate the contour lines of the first order 
transition region. 

ized entropy funct ion will be nonzero. For the 2-scale 
problem we obtain an intersection point, therefore 
phase 3 is linear, whereas for 3-scale problems we 
obtain an intersection line and phase 3 is not linear. 
As a consequence , for 2-scale systems a finite (/-value 
is characterist ic for phase 3. For the 3-scale problem, 
phase 3 is usually entered at a finite (/-value but the 
phase can be fol lowed for decreasing q values, reach-
ing the border for q = — oo only. Figure 4 illustrates 
these properties. 

The specific entropy func t ions which can be mea-
sured in exper iments are [4, 7] f(a) [6], S(s) = 
S(a,e) 19=o [18, 19], 0(A) = S(a,e) |g=, (provided 
that a convenient definit ion of the dynamical prob-
ability is taken) [20] and g(A) = S(a,e) 1/3=0 . Be-
low we sketch the behavior of these funct ions . S(s) 
probes the who le £-range. Passing through the bicrit-
ical point and through the topological entropy, the 
first order transit ion region is avoided and phase 3 is 
only touched in the bicritical point . 0(A) also starts 
on the left wing, cont inues to c l imb up this side until 
below the bicritical point the first order critical line is 
reached and a j u m p to the right wing is made. With-
out wi tness ing a second order transit ion, 0(A) finally 
reaches the lowest point on the right wing. f ( a ) starts 
on the right wing, undergoes a first order transition 
at a small a - v a l u e and fol lows the left wing up until 
reaching phase 3 and ending at the point of the sec-
ond order critical line at nonzero entropy. There , the 
derivative of the curve is infinite. g(A) starts on the 
left wing of the entropy funct ion , per forms a first or-
der transition to the r ight-hand wing f rom where the 
funct ion reaches the second order critical line which 
it fo l lows up to the top border. F rom Fig.4, many of 
the discussed features can immedia te ly be read off 
and the behavior of these func t ions can readily be 
es t imated. As an illustration we show in Fig. 5 f ( a ) . 

Mult i fracta ls with M > 2, C > 3, or grammatica l 
restrictions 

If more than two Cantor sets are present, by the 
descr ibed mechan i sm typically a star-like structure of 
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phases inducing second order transit ions will evolve. 
At intersection points peaks may appear which corre-
spond to quenched phases. However , unl ike the two-
system two-scale case, there will not be a quenched 
phase at the end of the spectrum. For C > 3, phases 
inducing second order transitions may appear which 
are no longer 1-dimensional . For high enough cn-
values, however, they will generical ly end up in 1-
dimensional curves. In the presence of grammatical 
restrictions, the situation remains essential ly the same 
with the exception that the number of corner points 
of the entropy funct ions corresponding to the indi-
vidual Cantor sets generally change [21]. Note that 
their maximal number is l imited by the number of 
primitive orbits needed for the cycle expansion of the 
system [22]. 

Experimental verif ication of second order phase 
transit ions 

On the basis of the above findings we conclude that 
superposit ions of Cantor structures are likely to show 
up as stopping points of specific entropy funct ions 
measured in experiments . Whe the r it will be possible 
to distinguish be tween a finite and an infinite deriva-
tive at the stopping point seems doubt fu l , since the 
error bars on the right hand side of the characteristic 
h u m p of the specific entropy func t ions are generally 

large. However, a distinction between second order 
transit ion effects and degenerate systems which may 
produce similar results [6, 17] may be possible by 
measur ing more than one specific entropy funct ion, 
since in many of the latter cases the effect is due to 
a degeneracy which may be forced to disappear by 
swi tching to another specific entropy funct ion [23], 

In conclusion, we have presented a new approach, 
shown new features and new numerical results for the 
mos t general situation where first order and second 
order phase transitions appear together in the ther-
modynamics of multifractals . Since the superposi t ion 
of mult i fractals is a natural mechanism, we expect 
that our results can be observed in exper iments . In 
order to improve the knowledge on an exper imental 
sys tem, the information that the system is compat i -
ble with a project ion of two or several sources on a 
single fractal structure may be significant. Fig. 4 then 
indicates, what kind of relationships be tween observ-
able specific entropy funct ions may be expected. Fur-
thermore , an alternative explanation for the c o m m o n 
difficulty to measure full f ( a ) curves is given [24]. 
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